
Z/2Z

S0

1



E2 h2
i i

π : E −→ M k E0

π : E −→ M

Fb k
Hk(Fb, 0;Z) Z

π : E −→ M M
Hk(E, E0;Z) (Fb, 0) −→ (E, E0)

kth

F2

π : E −→ M M
Hk(E, E0;F2) F2 (Fb, 0) −→ (E, E0)

kth F2

Hk Z F2

π

M

φ : H lM −→ H l+k(E, E0)

φ(x) = (π∗x) ∪ u .

Z F2

M F2

Sqk : Hn−kM −→ Hn

Sqkx = x ∪ vk



vk

v =
∑

vi

M

Sq(v) = w .

w =
∑

wi M vi

wj vi

v = 1 + v1 + v2 + . . .

w1 = v1

Sq1v1 + v2 = w2

Sq1v2 + v3 = w3

Sq2v2 + Sq1v3 + v4 = w4

Sq2v3 + Sq1v4 + v5 = w5

Sq3v3 + Sq2v4 + Sq1v5 + v6 = w6

Sq3v4 + Sq2v5Sq1v6 + v7 = w7

Sq4v4 + Sq3v5 + Sq2v6 + Sq1v7 + v8 = w8

Sqjwi =
j∑

k=0

(i − k − 1, j − k)wi+j−kwk

Sq1w2 = w3 + w2w1

Sq1w3 = w3w1

Sq2w3 = w5 + w4w1 + w3w2

Sq1w4 = w5 + w4w1

vi i = 2k vi = wi

w1 = v1

w2 − w2
1 = v2

= w2 + dec
v3 = w3 + Sq1v2

= w3 + Sq1w2

= w3 + w3 + w1w2

= w1w2

= dec
v4 = w4 + w3w1 + w2

2 + w4
1

= w4 + dec
v5 = w4w1 + w2

2w1 + w3w
2
1 + w2w

2
1

= dec
v6 = dec
v7 = dec
v8 = w8 + dec
v9 = dec



M ⊂ A k M ⊂ Mε

H∗(A, A − M) −→ H∗(Nε, Nε − M) .

(E(ε), E(ε)0) −→ (Nε, Nε − M)

E E −→ B E0

Dε

ε E

H∗(A, A − M) ∼= H∗(Nε, Nε − M) ∼= (E(ε), E(ε)0) ∼= H∗(Dε, (Dε)0) ∼= H∗(E, E0).

u ∈ Hk(E, E0,F2) u′ ∈ Hk(A, A − M,F2) Z

Hk(A, A − M) −→ Hk(A) −→ Hk(M)

u′

F2

s : M −→ E φ : HkM −→ H2k(E, E0)

φ(s∗(u|E)) = π∗(s∗(u|E)) ∪ u = u ∪ u = Sqku

φ−1Sqku = wk(E) = s∗(u|E)

Hk(A, A − M) !!

""

HkA

""
Hk(Nε, Nε − M) !! Hk(M)

u′ M A

M Rn+k wk(νk) = 0 e(νk) = 0
u′ ∈ Hk(Rn+k) = 0

w(νk) = (w(TM))−1

∆ : M −→ M × M ν(∆) ∼= TM
u′ ∈ Hn(M × M, M × M −∆(M)) jx : (M, M − x) −→ (M × M, M × M −∆(M))

jx(y) = (x, y)

u′ ∈ Hn(M ×M, M ×M −∆(M))
j∗x(u′) HnM x

Hn(M × M, M × M −∆(M)) −→ Hn(M × M) .



M4k

π4∗MSO −→ Z

Q

√
t

tanh
√

t
= 1 + (1/3)t− (1/45)t2 + . . . + (−1)k−1(22kBk/(2k!))tk + . . .

(Li)i≥1 L

M4k L

E −→ B
n

EC −→ B 2n
E

Kn Z/2Z Kn = K(Z/2Z, n)

n πnKn Z/2Z

πS
2nKn = Z/2Z

η ∈ π2nKn

0 )= θ ∈ π2nKn = η ⇔< Sqn+1, ιn, θ > )= 0

θ : Σ∞S2n −→ Σ∞Kn ιn : Σ∞Kn −→ ΣnHZ/2Z

X X
X

Hq(X,F2) ⊗ Hn−q(D(X),F2) −→ F2

f ⊗ g ,−→ {Sn ∧ X
f∧g−→ HZ/2Z ∧ X ∧ D(X) −→ ΣnHZ/2Z}



X n D(X) X

Ψ : H∗(X,F2) ∼= H∗−n(D(X),F2) .

H∗(X,F2)
H∗(D(X),F2) x H∗(X,F2) θ

Ψ(x.θ) = Ξ(θ).Ψ(x)

Ξ

Z/2Z

Z/2Z

(−,−) Z/2Z (−,−)
q(x + y) = q(x) + q(y) + (x, y)

q E e E qE = q + (e, )

E
A

Arf(qe) = Arf(q) + q(e)

X A

νX
f !!

""

η

""
X

f
!! A

η T (νX) −→ T (η)
g : Σ∞A+ −→ Σ∞X+ G∗ : H∗(X+) −→ H∗(A+)

ker g∗ −→ Z/2Z

x ,−→<Sqn+1, x, g> .

A 2q X = S2q q = 2k+1 q : HnX −→ H2n(A)
g 1

ψ(x) = Sqq+1
g (x)[A] = Sqq+1

gφx
(ι)[A] .

x : X −→ Kq y : X −→ Kq

A
g !! X

∆ !! X × X
x×y !!

∆̄
""

Kq × Kq
µ !! Kq

Sqq+1
!! K2q+1

ΩX ∨ X ∨ (X ∧ X)
x∨y∨x∧y

!! Ω Kq ∨ Kq ∨ (Kq ∧ Kq)

ū

##



ψ(x + y) = ψ(x) + ψ(y) + Sqq+1
gµ̄(x∧y)∆̄

(ι)

Sqq+1
µ (ι) = Σ(ι ∧ ι)

<Sqq+1, µ̄(x ∧ y)∆̄, g>=<Sqq+1, ι, µ̄ > (x ∧ y)∆̄g = g∗(x ∪ y)

ψ

X 2n

ψX : H2nX −→ Z/2Z

X ψX

4n + 2 n > 0

(f, b) : (X, Y ) −→ (A, B)

Arf(ψ) = 0 H ⊂ Kq

ψ|H
(xi, yi) xi.yi = 1 xi.xi = yi.yi = 0

Kq(X) !!

""

Kq(Y )

""

!! Kq+1(X, Y )

""
Kq+1(X, Y ) !! Kq(Y ) !! Kq(X)

f : V −→ W f∗ : W ∗ −→ V ∗ ker f = Im(f∗) V = ker f ⊕ Imf
ψ|H

A/B !!

$$!!!!
!!!!

B !! Y
ι !! X

x !! Kq
Sqq+1

!! K2q+1

X/Y

%%""""""""

ψi∗x = 0



F −→ E −→ B F B −→ BF
f : X −→ B E [liftings]

[X, F ] F E

[X, F ] × [X, E] −→ [X, E]

[X, F ] × [liftings] −→ [liftings]

[liftings] [X, F ]

O −→ EO −→ BO
Kq −→ BO < vq >−→ BO

(q + 1) vq : BO −→ Kq+1

BO

M 2q vq BO < vq >
Vq : BO −→ Kq+1 Kq Kq −→ BO <

vq >−→ BO BO −→ BKq 0 Kq+1

(q +1) 2q M
M −→ BO < vq >

O !!

""

Kq

""
EO !!

""

BO < vq >

""
BO !! BO vq

!! Kq+1

M M −→ EO
M −→ EO −→ BO < vq >

Sqq+1

q + 1

O !!

""

Kq

""
EO !!

""

BO < vq >

""
M !!

&&""""""""
BO !! BO vq

!! Kq+1



i : O −→ Kq q )= 2i − 1 σwq q = 2i − 1

2i i : O −→ Kq vq : BO −→ Kq+1

v2i = w2i i : O −→ Kq

w2i

2i = q + 1
2q = 2i+1 − 2

F M g : M −→ O
ψM

ψ′(−) = ψ(−)+ < ((gi)∗wq, ) >

ψ′ [M, qF ]

F : M −→ EO F
M −→ O

qgF (−) = qF (−)+ < ((gi)∗wq,−) >

Arf(qgF ) = Arf(qF ) + q((gi)∗wq)

n = 2q )= 2i+1 − 2 Arf(qF ) = Arf(qgF ) g : M −→ O

X X fr f : M −→ X M
f : M −→ X f ′ : M ′ −→ X

B : M ∼ M ′ g : B −→ X f f ′ B

Xfr
n −→ πS

nX+

πS
nX Xfr [M, F ]

t : Σ∞RP∞ −→ S0

2

for ∗ > 0; (2)π
S
∗ (t) : (2)π

S
∗ RP∞ −→ (2)π

S
∗ S0

RP∞ −→ S0 Ẑ2

(2)π
S
1

RP∞ −→ O −→ S0



[f : M → RP∞, F : M → EO] → [f : M → O, F : M → EO] → [M, F : M → EO]

(M, F )
(2)π

S
∗ RP∞ −→ (2)π

S
∗ S0

(2)π
S
∗ O −→

(2)π
S
∗ S0

n )= 2i+1 − 2
κ(M, F ) = κ(M ′, F )

M ′

S0

S0

Xn

""

!! Yn+1

Xn−1

""

!! Yn

X1

""

!! Y2

S0 = X0
!! Y1

• Xn+1 −→ Xn −→ Yn+1

• Yi

• H∗fi

p S0

( ,− ∧ HF2)

E1

E2 H∗

H∗−1Xn+1 −→ H∗Yn+1 −→ H∗Xn

H∗X0 ←− H∗Y1 ←− H∗−1Y2 −→ H∗−2Y3 ←− . . .

H∗X0



π∗

π∗Xn+1 −→ π∗Xn −→ π∗Yn

π∗Yn = hom∗(H∗Yn, H∗S0)

E2 ExtA2(F2,F2)
E2

hom(d1,F2)

X2

""

f3!! ∨i≤j,i+1*=jΣ2i+2j−2Hci,j

X1

""

f2 !! ∨i≥0Σ2i−1Hci

S0 = X0
f1 !! H

H HZ/2Z

• H∗X1 = Σ−1A2

• f2 ci ,−→ Σ−1Sq2i

• f3 ci,i ,−→
∑

k≤i Sq2i+1−2k
ck

f∗
2 f∗

3 ci,i = 0
f∗
3

Xn

""

!! Yn+1

Xn−1

""

!! Yn

X1

""

!! Y2

St
θ

!! S0 = X0
!! Y1

f1θ )= 0 t = 0 f



f1θ = 0 f X1 θ1

Xn

""

fn+1 !! Yn+1

Xn−1
fn !! Yn

X1

""

f2 !! Y2

St

θ1

''#########

θ
!! S0 = X0

f1 !! Y1

fiθ1 )= 0 t = 2i − 1 pi : ∨i≥0Σ2i−1Hci −→ Σ2i−1Hci

g Y1 −→ ΣX1 −→ ΣY2 −→ Σ2i
Hci Σpi

pif2θ1 < g, f1, θ >
θ hi Θ

θ
θ1 θ h2

i

< g, f2, θ1 > θ
h2

i g

Y2 −→ ΣX2 −→ ∨i≤j,i+1*=jΣ2i+2j−1Hci,j −→ Σ2i+2i−1Hci,i .

θ1 RP∞

S2i+1−2

λ

(($$$$$$$$$

θ1 !! X1

RP∞

f
))%%%%%%%%%

θ1 h2
i ⇔ < φi, c, θ1 > )= 0

⇔ < φi, c, fλ > )= 0
⇔ < φi, cf, λ > )= 0

f∗ct = u2t−1

S2i−2
λ !! RP∞ u

(2t−1)t≤i
!! ∨t≤iΣ2t−1H

φi !! Σ2i+1−1H

Sq2i+1−2t
u2t−1 = 0 t ≤ i < Sq2i+1−2t

, u2t−1, λ >

< φi, (u2t−1)t≤i, λ >=
∑

0≤t≤i

< Sq2i+1−2t

, u2t−1, λ >

0 ≤ t ≤ i < Sq2i+1−2t
, u2t−1, λ >= 0

θ1 h2
i < Sqn+1, un, λ >



1

[M, F ] 1
[N, F ′] G

g = G/F : M −→ O qF (g∗Ωvn+1) = 1
qF

u : M −→ Kn qF (u) π2nKn

S2n+k !! Tν !! Tν ∧ M+
f∧a

!! Sk ∧ Kn

ν M

S2n+k

**&&&&&&&&&&&&&&&&&&&&&&&&&
!! Tν ∧ M+

!! SkM !!

""

(('''''''''' SkKn −→ ΣkHn
!! H2n+1

Sk ∧ O

++((((((((((((

SkRP∞

,,))))))))))

&&

[M, gF ] 1 ⇔ < Sqn+1, ιn, qF g∗(Ωvn+1) >= 1
⇔ < Sqn+1,ιn,unλ >= 1
⇔ < Sqn+1, un, λ >= 1
⇔ [M, gF ] h2

i

Θn n
Θn

Sn n ≥ 5

0 −→ bPn+1 −→ Θn K−→ πS
n/ImJn = cokerJn

bPn+1 n πS
n

nth Jn : πnO −→ πS
n J

πS
n K

K : Θn −→
cokerJn Z/2 n = 4k + 2 Z/2

1

n = 4k + 2 )= 2i+1 − 2

1 2i+1 − 2
θi h2

i 2
2 h2

i



[M, F ] cokerT κ([M, F ]) = 1

cokerT Z/2Z n =i+1 −2 h2
i

h2
i 1

h2
i h1hi h1hi

h2
i

t : RP∞ −→ S0

RP∞ ∧ RP∞ t∧t !! S0 ∧ S0 !! S0

t : RP∞ −→ S0

X1 −→ S0 −→ HZ/2Z

t

RP∞ −→ S0 −→ HZ/2Z

t t′ : RP∞ −→ X1

X2 −→ X1 −→ HZ/2Z ∧ X1

t ∧ t : RP∞ ∧RP∞ −→ S0

RP∞ ∧ RP∞ t∧1−→ RP∞ t−→ S0

t ∧ t

RP∞ ∧ RP∞ t∧1−→ RP∞ t′−→ X1 −→ S0

RP∞ ∧RP∞ t∧1−→ RP∞ t′−→ X1

t (t ∧ t)′ : RP∞ ∧ RP∞ −→ X2

"" ""
RP∞∧3

ϕ3 !!

""

X3

""
RP∞∧2

ϕ2 !!

""

X2

""
RP∞ ϕ2 !!

""

X1

""
S0 = !! S0



t : RP∞ −→ S0

X1 −→ S0 −→ HZ/2Z

t

RP∞ −→ S0 −→ HZ/2Z

t t′ : RP∞ −→ X1

X2 −→ X1 −→ HZ/2Z ∧ X1

t ∧ t : RP∞ ∧RP∞ −→ S0

RP∞ ∧ RP∞ t∧1−→ RP∞ t−→ S0

t ∧ t

RP∞ ∧ RP∞ t∧1−→ RP∞ t′−→ X1 −→ S0

RP∞ ∧RP∞ t∧1−→ RP∞ t′−→ X1

t (t ∧ t)′ : RP∞ ∧ RP∞ −→ X2

"" ""
RP∞∧3

ϕ3 !!

""

X3

""
RP∞∧2

ϕ2 !!

""

X2

""
RP∞ ϕ2 !!

""

X1

""
S0 = !! S0

RP∞ −→ S0

BO × BO −→ BO
w : O × O −→ O

O !!

""

Kn

""
EO !!

""

BO < vn+1 >

""
M

%%""""""""

--***************
!! BO !! BO !! Kn+1

g : M −→ O g∗yn yn

wn+1 s : RP∞ −→ O
s∗yn un

[M2n, F ] g1, g2 −→ O w(g1, g2)∗yn = g∗1yn +
g∗2yn



yn w∗

w(g1, g2)∗yn = ∆∗(g∗1 , g∗2)w∗(yn) = ∆∗(g∗1 , g∗2)(1 ⊗ yn + yn ⊗ 1) = g∗1yn + g∗2yn

[M2n, F ] g1, g2 : M −→ O g∗1yn ∪g∗2yn = 1

F g : M −→ O

(qgF ) = qF (g∗yn)

qF (−) = q(w(g1,g2))F + < (w(g1, g2))F ∗yn,− >

= q(w(g1,g2))F + < (g∗1yn + g∗2yn,− >

= q(w(g1,g2))F + < g∗1yn,− > + < g∗2yn,− >

(q(w(g1,g2))F ) = qF ((w(g1, g2))F ∗yn)
= qF (g∗1yn + g∗2yn)
= qF (g∗1yn) + qF (g∗2yn) + g∗1yn ∪ g∗2yn

= qF (g∗1yn) + qF (g∗2yn) + g∗1yn + 1

qF (g∗1yn) qF ((w(g1, g2))F ∗yn) qF (g∗2yn) M

η2 ν2 σ2

θi i ≥ 5

θi i ≤ 4

θi

θi

θi 2θi = 0 θ2
i = 0 θi+1

θi+1

θi+1 θ4 θ5

θi i θk

k > i

Sq0h2
i = h2

i+1 Sq0 E2

θi θi+1 θi+1 θi











θ1

θ2

θ3

θ4{
θ5



k ≥ 5 θi

i ≤ k i > k k

h2
i θi 2

ηj+1 1 θi, i ≤ 5 2

ηj θi k

1
2

η ν σ h1 h2 h3

J
E2

Sq0 η ν
ν σ η

ν
σ

d2hi = h0h
2
i−1

i ≥ 2 i = 2, 3 h2 h3

[hihi+1 = 0, hih
2
i+1 = 0h2

i hi+2 = hi+3]

σ η2

θi

i >> 0

k θ4


